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Correlation Transfer: Application of Radiative Transfer
Solution Methods to Photon Correlation Problems

B. J. Ackerson,* R. L. Dougherty,t N. M. Reguigui, and U. Nobbmann§
Oklahoma State University, Stillwater, Oklahoma 74078

A correlation transfer equation is developed for multiple scattering applications, and is solved for the field
correlation function that is measured by photon correlation experiments. Radiative transport solution techniques
are applied, because there is a formal similarity between the two theories, Small correlation delay time, isotropic
scattering and optically thick media approximations are made to compare with experimental results and to
derive diffusive wave spectroscopy theory, the currently accepted photon correlation theory for optically dense
media. The ‘“deposition length’” problem in diffusive wave theory for the backscattering geometry is investigated
in detail. To improve the comparison between theoretical and experimental results, it is concluded that the
isotropic scattering assumption must be relaxed. Unlike diffusive wave theory, relaxation of the three afore-
mentioned assumptions is straightforward in the correlation transfer theory by adapting existing radiative
transport solution methods and will be the subject of subsequent investigations.

Nomenclature

cross-sectional area (perpendicular to
illumination) of a target volume containing one
potential scatterer; it is proportional to the
inverse of the particle number density to the
two-thirds power

multiplicative constant used in approximating E,,
[Eq. (47)]

= basic radiative transfer source function

= exponential constant used in approximating E,,
[Eq. (47)]

= unnormalized intensity correlation function

= speed of light

= dilute solution (single scattering) diffusion
constant for Brownian motion

radiative transfer diffusion constant

= diameter of particles suspended in a fluid

= electric field

= complex conjugate of electric field

= exponential integral, [Eq. (46)]

constant used in approximate correlation transfer
solution, [Eq. (49)]

constant used in approximate correlation transfer
solution, {Eq. (49)]

Green’s function solution of diffusion equation
unnormalized multiple scattering field correlation
function— any direction

one-dimensional multiple scattering correlation
function—transmitted

one-dimensional multiple scattering correlation
function— backscattered

¥ = magnitude of “incident” correlation

= unnormalized single scattering field correlation
function
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normalized electromagnetic field correlation
function

normalized single scattering electric field
correlation function

complex conjugate of g!

normalized multiple scattering field correlation
function—any direction

normalized multiple scattering field correlation
function—transmitted

normalized multiple scattering field correlation
function— backscattered

coefficients used in the approximate one-
dimensional solution for the correlation function,
[Egs. (50-52)]

intensity

ensemble average of intensity for multiple
scattering

magnitude of incident intensit

summation counter and V —1

probability of having a multiple scattering path of
length s

summation counter

wavevector

Boltzmann’s constant

ith wavevector in a multiple scattering path,
where i indicates the ith scattering event
difference between the wavevector k; and the
wavevector k;_,

incident wavevector

scattered wavevector

physical thickness of medium

optical thickness of medium, L/I

effective equivalent optical thickness of medium
for RT solutions, L/@ '

mean free path

effective mean free path for equivalent isotropic
scattering

number of suspended particles in a given target
volume

number of scattering events in path j

index of refraction and summation counter
outward normal to a surface '

number of multiple scattering paths having j
scattering events

number of possible paths in a multiple scattering
medium

physical three-dimensional location
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R = (1 — &,/b)

S, = correlation source term

S.c = magnitude of correlation source term

S, = intensity source term

s = length of a multiple scattering path

T = temperature

t = time

U = density of diffusing photons in radiative transfer
problem

Vv = intermediate function in time-dependent
correlation transfer solution, [Eq. (31)]

V = dngular average of V

w = intermediate function in time-dependent
correlation transfer solution, [Eq. (30)]

W = angular average of W

wy = coefficients used in the approximate one-
dimensional solution for the correlation function,
[Egs. (53-55)] ,

X = Chandrasekhar’s source function at the upper

boundary of a finite medium exposed to
collimated incident intensity

x = durmmy variable of integration

Y = Chandrasekhar’s source function at the lower
boundary of a finite medium exposed to
collimated incident intensity

z = optical coordinate

z* = optical coordinate which is either equal to zero or
to L,

Zg = physical depth at which a laser beam must be

deposited

physical coordinate

constant depending on experimental detector

setup

coefficient specifying the distribution of

deposition depths for incident radiation

= signal-to-noise ratio (factor)

= a decay coefficient

viscosity of solvent

= angle between incident and scattered intensity {or

wavevector), measured in the scattering plane

= polar angle ’

= absorption coefficient

= wavelength of electromagnetic waves in a vacuum

= cosine of the polar angle

= u corresponding to the polar angle of the incident

radiation

= Laplace transform variable

= number density of particles

= macroscopic scattering coefficient, 1//

= miicroscopic scattering cross section of a particle

= correlation delay time

= correlation delay time constant, 1/Dyk?

= scattering phase function or form factor

azimuthal angle

= azimuthal angle of the incident radiation

= Fourier transform variable

= single scattering albedo

angular direction of intensity propagation

= angular direction of propagation of incident

intensity

differential solid angles, sinf dé d¢
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Introduction

HOTON correlation or dynamic light scattering tech-

niques have proven highly useful in characterizing fluid/
particle suspension properties such as particle diameter, fluid
viscosity and diffusion constants.!-* However, for accurate
characterization, the suspensions must be very dilute (opti-
cally thin) so that multiple scattering is minimal and the single
scattering Born approximation' may be employed to interpret
the data. For more concentrated suspensions (increasing op-
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tical thickness), theoretical corrections have been made to
account for multiple scattering.>® These theories are highly
complex, and are difficult to extrapolate to arbitrary orders
of multiple scattering. Thus, they are best applied to lower
orders of multiple scattering. Experimentally, multiple scat-
tering effects in optically thicker media may be suppressed
by cross-correlation techniques,’~° but experimental run times
increase as the singly scattered intensity decreases with in-
creasing turbidity.

Recently, the highly multiple scattering limit (optically thick)
has been examined experimentally and theoretically with suc-
cess.'®-12 This study of the time dependence of intensity fluc-
tuations has been termed diffusive wave spectroscopy (DWS),
because use is made of the fact that the radiation executes a
diffusive propagation (random walk) in passage through the
scattering medium. The first of these recent studies examined
the intensity correlation function in backscattering to study
the phenomenon of weak localization.'®* It was further ex-
tended to transmission studies and a more quantitative theory
was developed. This has been followed by recent studies at
very short correlation times'* (allowing the study of very small
particle displacements) and pulse shape studies.!®

In this paper, we develop and solve a correlation transfer
(CT) equation, that is based on the intuition underlying the
DWS theory. Because it assumes ballistic transfer of light,
CT should be more generally applicable than DWS. Fur-
thermore, it is formally similar to radiative transfer (RT) the-
ory. It should be as accurate as RT in modelling multiple
scattering, and known RT methods may be adapted to solve
the CT equation.

Because photon correlation methods may not be familiar
to the reader, this topic is reviewed in both the single scat-
tering and highly multiple scattering (DWS) limits in the Re-
view section. In the Development section, the correlation
transfer equation is presented with heuristic arguments jus-
tifying its form. Its relation to radiative transport and to single
scattering are given. Small delay time, preaveraging, and large
optical density assumptions are made to simplify and solve
the CT equation in the DWS limit. The formal structure of
the DWS theory is derived from this approximate CT equa-
tion, so solutions to the approximate equation should cor-
respond to DWS solutions. Solutions are obtained using
standard radiative transport methods. In the Discussion sec-
tion, the exact numerical and approximate CT results are
compared with corresponding DWS results. Special attention
is given to the “deposition length” problem encountered in
DWS, but not in CT, and we give arguments for the proper
resolution of this problem. Finally, in the Conclusions section,
we deduce that the assumptions made by DWS are too re-
strictive, leading to the disagreement between theory and
experiment in backscattering geometries. We give a heuristic
argument explaining that the preaveraging assumption is re-
sponsible for the disagreement between theory and experi-
ment. CT results which do not assume preaveraging will be
the topic of a future publication.

Review

Single Scattering Photon Correlation Theory

We begin our development with a review of the single scat-
tering theory for an optically dilute suspension of indepen-
dent, noninteracting, diffusing particles. The suspension is
illuminated by a plane electromagnetic wave having a wave-
vector k, with magnitude 27n/A, where X is the wavelength
of the incident radiation in a vacuum (Fig. 1), n is the re-
fractive index of the solvent, and the direction of k, is rep-
resented by Q'. The intensity is detected at a large distance
from the scattering volume, so the scattered wave approxi-
mates a plane wave with scattered wavevector k, {and direc-
tion Q). The momentum transferred in the scattering is pro-
portional to k = k, — k,. For this quasi-elastic scattering, the
momentum is related to the scattering angle ® with respect
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Fig. 1 Scattering geometry and notation.

to the incident beam direction by way of the relationship for
the magnitude of the wavevector, k = 47n sin(@/2)/x = 2k,
sin(@/2), where cos(®) = Q' - Q. Here, it is assumed that the
wavelength does not change upon scattering.

The measurement of the average scattered intensity (I(r,
Q, 1)), is performed by ensemble averaging the instantaneous
intensity I(r, €2, ). For stationary or ergodic processes,!” this
may be replaced by a time average. This average intensity is
proportional to the product of the scattered electric field E(r,
k, t) and its complex conjugate'®:

(I(r, Q, 1)) = ao(E(r, k, YVE*(r, k, 1)) (1)

The proportionality constant («) in Eq. (1) depends upon
the detection area and other physical characteristics of the
detection system. The instantaneous intensity at the detector
depends on the interference pattern produced by scattering
from the instantaneous configuration of particles and may
deviate far from the average value. When using visible laser
light to illuminate a colloidal sample, this interference is often
observed as a “speckle pattern,” which may be seen when
the pattern is projected on a nearby plane surface. Theoret-
ically, the instantaneous scattered electric field may be rep-
resented as a summation of the singly scattered fields from
each of the particles in the scattering volume (E = X E).
Then the instantaneous intensity is comprised of two types of
terms (Eq. (2a)), those involving the same particle, and those
involving different particles. The interference terms involving
different particles give rise to fluctuations about the average
scattered intensity. On the average, the mutual interference
terms of the scattered electric field from different independent
particles are zero. The only surviving contribution from these
interference terms yields an average scattered intensity that
is proportional to the intensity scattered by single particles as
follows:

I(r, Q. 1))

o> S EE b DENr K ) ()

a i (Ei(r, k, OE[(x, k, 1)) (2b)

aNI,o* (k)| A (2c)

Here, I, is the magnitude of the incident intensity, and the
total electric field at the detector is written in terms of a sum
of single scatterings from each of the N particles in the scat-
tering volume. A is the cross-sectional area (normal to the
illumination) which is proportional to the sample volume per
particle raised to the two-thirds power. In this case, all par-
ticles are-assumed identical, having the same scattering cross
section (o*) and producing the same phase function ® (or
single particle form factor). The Eq. (2c) form for the average
scattering intensity is well known and used to determine par-
ticle structure, radius of gyration, and other related proper-
ties."?

As the suspended particle configuration changes in time,
the instantaneous scattered intensity will fluctuate as the in-
terference pattern evolves. A correlation function (g) is used
to relate the fluctuating intensity to electric field fluctuations.
This function correlates the electric field time history to that
same field where the time history has been shifted by a delay
time T

glr, k,7) = (E(r, k, YE*(r, k, t + 7))/
(E(r, k, )E*(r, k, t)) 3)

For uniform illumination of the scattering volume and for
single scattering, the correlation function (and electric field)
becomes independent of location, r, and g is designated by
g'. Equation (3) can then be represented by a summation
over the single scattering by all particles.

The power spectrum of the scattered intensity may be mea-
sured and is directly proportional to the time Fourier trans-
form of the electric field correlation function,' g'. Rather than
the power spectrum, it is more common to measure the in-
tensity correlation function C(r, k, 7), that is defined as®

Clr,k, ) = (r, Q, DI, Q,t + 7)) (O]

For single scattering from N independent diffusing particles,
the correlation function is independent of location, and the
statistics of the scattered electric field are Gaussian. In this
case, the intensity correlation function may be expressed in
terms of the field correlation function. The averages may be
carried out similar to the average scattered electric field dis-
cussed above. The cross terms between different particles
again average zero, and the relation between the intensity
correlation function C(k, 7) and the [electric] field correlation
g! is given by the Siegert relation®*2!

Clk, 7) = (I(r, @, 0)))[1 + g'(k, 7)g'*(k, )]  (5a)
which with Eq. (2c) becomes
= [aNI,o*®k)AP1 + |g'(k, 7)|? (5b)

The single scattering field correlation function for mon-
odisperse independent diffusing particles is given by

g'(k, ) = exp(—Dok?r)

exp[ —2D k3m(1 — Q- Q)] (6a)

U

1 = 2Dok37(1 — Q-Q'),  for Dokr << 1.0

(6b)

where the relation k2 = 2(1 — Q-€')kZ has been used, and
D, is the dilute solution diffusion constant. For spherical par-
ticles," this diffusion constant is given by the Stokes-Einstein
relation

Dy = kyT/(3mnd) %)

with 7 being the solvent viscosity and d being the particle
diameter. In actual experiments, a signal-to-noise factor y
(=0.8) multiplies the product of the field correlation functions
within the intensity correlation equation (Egs. (5a) and (5b)).
This signal-to-noise factor results from the finite size of the
scattering volume and detection surface.?223

The previous results must be modified for dependent scat-
tering, when the particles interact with one another and do
not assume completely random configurations. The cross terms
which averaged to zero for independent particles now give a
contribution, but the results look formally similar to those for
the independent particles.?
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Fig. 2 DWS approach to determine the surviving scattered field in-
terference terms.

Diffusive Wave Spectroscopy

In systems which are too concentrated for the single scat-
tering approximations to remain valid, the methods of the
previous section cannot be applied. Rather, the scattered field
at the detector may be considered as a sum of electric fields,
each representing one of the possible multiple scattering paths
through the sample. In the limit of strong multiple scattering
of the incident field, the polarization direction will become
randomly distributed, and the scattered electric field direction
becomes isotropically distributed on a length scale of order
I*—the effective transport mean free path.’> Under these
optically thick conditions, the light executes a random walk
or diffuses through the medium. This is the domain of DWS.

Because the intensity is a product of multiply scattered
fields, there results a number of terms in the formal expression
for the intensity (Eq. (1)) which are products of fields rep-
resenting different paths through the sample as represented
in Fig. 2a. All of these terms contribute to the instantaneous
scattered intensity at any time. However, those terms rep-
resenting two different multiple scattering paths will average
to zero upon forming the ensemble average over all positions
of the independent particles. This happens because the dif-
ferent multiple scattering paths will represent different lengths
and therefore different phases of the scattered wave at the
detector. Since different paths will have at least one uncom-
mon particle and that particle may be moved independently,
the phase difference between the two muitiply scattered fields
in the field product term is arbitrary. The average of that field
product term over this arbitrary phase is zero. Thus, the only
terms which contribute to the ensemble average intensity are
those that represent the same particles in each of the multiple
scattering paths. It is also assumed in DWS theory that the
multiple scattering path connecting the particles for each field
must be identical to have a significant contribution to the
average of the field product term. Thus, it is argued that the
only important contributions to the intensity come from terms
that represent the product of two fields, each of which rep-
resents the same multiple scattering path through the sam-
ple,' as represented in Fig. 2b. This is expressed formally as

i

(@, Q, D)y = a f i (E/(r, k, DEX(r, k, 1)) (8a)
= a i (E,(r, k, E*(r, k, 1)) (8b)

= f} (L(r, Q, 1) (8¢)

CORRELATION TRANSFER

Here, the subscripts (n and j) on the field enumerate the
different multiple scattering paths. In the special case of back-
scattering, these paths are counted twice because light enters
and leaves both ends of these multiple scattering paths, giving
rise to an enhanced backscattering effect termed “weak lo-
calization.”'® This diffraction effect is limited to within a few
degrees of true backscattering and may be ignored for dy-
namic scattering measurements at larger backscattering angles
(>3°). For this reason, we do not include this effect in the
theory developed here.

Each term in the calculation of the average intensity in Eq.
(8c) represents the transfer of intensity from particle to par-
ticle for a given multiple scattering path. If the individual
scatterers are sufficiently well separated, then the single scat-
tering result, (o*/A)®(k) (cf. Eq. (2¢)), may be used to rep-
resent the transfer of intensity in each scattering event for
independent or noninteracting particles. However, in this case,
k must represent an intermediate scattered wavevector (k;;_,),
which is the difference between the new scattering wavevector
(k;) and the previous scattering wavevector (k;,_,) (where i
refers to the ith scattering event) in the multiple scattering
path.'®

The previous argument also can be applied to the unnor-
malized version of Eq. (3) in order to find an expression for
the unnormalized field correlation function (G™) for inde-
pendent diffusing particles

Gk, 7y = (E(r, k, )E*(r, k, t + 1))

Mo

= 2 (E(r,k, 1) E} (r, k, t + 7)) (9a)

-

Q N
= 1, 3 1] (67/4) (k.. )exp(~ Dok?,_ 1) (9b)

J

where N, is the number of scattering events in path j. Equation
(9a) assumes that terms including two different multiply scat-
tered paths average to zero (see Figs. 2a and 2b). Then Eq.
(9b) is a sum over all multiple scattering paths assuming that
each scattering event may be represented using the single
scattering results for independent particles as explained in the
previous section on Single Scattering Photon Correlation The-
ory. The field correlation function produced by these signif-
icant paths decays to zero as the particles diffuse. This is
caused by dephasing as the path lengths change relative to
one another with increasing 7 (Fig. 2c). A small time ap-
proximation is then made, allowing expansion of the exponent
as in Egs. (6) and an averaging (or integration) over all pos-
sible orientations of the intermediate scattered wavevector
k;;_,. This we refer to as “preaveraging,” which, for small
times and assuming isotropic scattering (®(k,; ;) = 1.0), may
be expressed by the following summation of exponentials:

Gm(k, 7) = I, i p(Y(a*/AY exp(—2it/y) (10)

where 7, = 1/D(k3, i is the number of scattering events, and
p(i) is the number of paths with i scattering events. This result
may be approximated as an integral over J(s), the probability
of having a path with length s

Gk, 7) ~ I, fo " T(s)expl = 2eim)s/IF] d(s/1F) (1)

where the pathlength, s, is given by the product of the number
of scattering events i and the effective mean free path length
I*;i.e., s = il*. The effective mean free path, I*, is used here
instead of the mean free path, [/, in order to account for
anisotropic effects.’> The G™ correlation function may be
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normalized through division by G™(k, = = 0) to yield

gm(k, vy = Gk, 7)/G™(k, 7 = 0)

o J: J(s)exp[ — (27/7)s/1*] ds (12)

The function J(s) is obtained for different geometries by the
argument that each light path represents a ““diffusive” random
walk. Paths s, each of the same length, take the same amount
of time (¢ = s/c) between entering, diffusing, and leaving the
sample—due to the fact that the light travels with constant
speed (c) between scattering collisions. Thus, we must solve
a diffusion equation for the boundary conditions of illumi-
nation and loss, with the time between entry and exit of a
photon being directly related to its path length in the sample.
That diffusion equation is given by'?

U, 1) _

> D.V2U(r, 1) (13)

where D is the photon diffusion constant, c¢/*/3, and U(r, 1)
is the density of the diffusing photons. J(s) is proportional to
—1-VU(r, t) at the surface point of interest, where 1 is the
outward normal at that surface point. The specific geometry
and boundary conditions of interest must be supplied to solve
Eq. (13).

Reference 12 gives the equations for backscattering and
transmission based on the assumption of “depositing” a unit
intensity at a physical depth z, within a one-dimensional planar
medium of physical thickness L. This deposition depth (z,)
is a necessary assumption within this approximation because
diffusion of light is only accomplished after several scatterings.
Several scatterings are required in order for the light prop-
agation to be considered random. However, the value of z,
is not well defined, and must be estimated based on assump-
tions, such as a zero average photon flux into the sample
medium at the physical boundary of the sample, giving z, =
0.7104/* 2425 This value is approximate, indicating only that
zo/l* should be near unity. However, the exact value of
zo/l* is critical, particularly for accurate evaluation of back-
scattering. Since /* is an effective path length, L/I* and z,/[*
may be considered optical locations in the backscattered and
transmitted equations. Reference 12 solutions are presented
as functions of these terms, and have been experimentally
validated for small delay time, 7. For backscattering, the equa-
tion is

g7 (1)
. 6r (L z, 2 |67 6r (L z,
_ —— — +— — —_— —_—
sin [\/: <l* l>] 3\[0“’8}‘ [\ﬁ <1* 1)]
87\ . L Jor 4 |67 L J67
<1+§70> sinh <l* \/:0>+3\/T:Ocosh <l—*\/7:0>

(14)

which, for a sample of infinite thickness (L — o), becomes

exp| — (zo/1*)V67/1,)

gm(7) = : f (15)
L3Va

and then for small 7/7,, becomes

g™ (1) ~ exp| — (z,/I* + 2/3) \V6Ir)) (16)
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For transmission, the Ref. 12 equations are
gmt(7)

L+ @3 . (z \/Er 2
7+ B {S“‘h (z* =) 73
87\ . L 67 4 T L 67
<1 + 37’0) sinh <l* \/;) + 3\/:Ocosh <l* \/;)

Wi

<1 + ﬁ) sinh (%— ﬁ) +
37, [ To

TiTe << 1.0

—cosh | = [—
T, ! To
(17b)

For large optical thickness, i.e., L/I* >> z,/I* and for small
delay times, i.e., L/I*(67/7)%° << 1.0, Eqgs. (14) and (17a)
become

8" (7) = exp[—~4(L/I*)(r/1o)] (18)

gm* (1) = exp[ = (L/I")(r/7o)] (19)

Here, the + and - signs appended to g™ represent the for-
ward and backward scattering directions for wavevector k.
Note that for backscattering, the limits L — o and 7— 0 lead
to different results depending on the order in which they are
executed. In Egs. (15) and (16), the limit of infinite optical
thickness, L — =, is taken first. In Eqgs. (17b), (18), and (19),
the limit of small delay time, 7— 0, is taken first. For infinite
optical thickness, only Eq. (15) applies, as shown by the solid
line in Fig. 3. For any finite optical thickness, there exist times
(67/7,)5 << [*/L for which Eqs. (18) and (19) apply, as can
be inferred from the small delay time ranges in Figs. 3 and 4.
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Fig. 3 Comparison of exact backscattered correlation as a function
of the square root of delay time for various L.
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Fig. 4 Comparison of exact backscattered correlation as a function
of the delay time for various L. :
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Development

Correlation Equation

In the argument for the DWS result, no interference of
electric fields is assumed between different multiple scattering
paths on the average. These assumptions appear consistent
with the viewpoint employed in developing a RT transport
equation, where intensity 1s transferred from element to ele-
ment in space, based on an energy conservation principle. In
the derivation of such a transfer equation, interference be-
tween different multiple scattering paths is neglected on the
average.?

The RT equation is an integro-differential equation given
by's

e)alI(r, Q, t))ot + -VU(r, Q, 1))
+ k{I(r, 82, 1)) + o((r, £, 1)) = (S,(r, Q, 1))

+ (o/dm) L I, @, 0)0(Q, ©) 40 (20)

This is an equation for the ensemble averaged intensity (/(r,
Q, t)). Here, dQ' represents the solid angle in the direction
of propagation of light for a volume element located at po-
sition r in the sample at time ¢. The time derivative allows
for the investigation of nonsteady processes or pulse propa-
gation, where c is the speed of light in the medium. The spatial
gradient term represents the change in intensity between dif-
ferent spatial locations. The next two terms account for ab-
sorption and scattering of the light out of the Q direction,
respectively. Note that the scattering coefficient o, is an in-
verse mean free path between scattering events, equal to
1/1. The integral term represents scattering of radiation at r
into the € direction. Radiation is introduced into the system
either by the source term in Eq. (20) (S,(r, Q, t)) or through
boundary conditions.

The proposed CT equation looks very similar to the pre-
vious RT equation, as follows:

(1/c)aG™(x, Q, t, 7)ot + Q-VG™(r, Q, t, 7)

+ kG™(r, Q,t,7) + oG™(r, Q, t,7) = S,(r, Q, 1)

+ (c/Am) L G, @1, g (K, (R, @) dQ’(zl

where the wavevector k' is used to designate the wavevector
difference between direction €}’ and © (Fig. 1 and Egs. (6)),
and G™(r, £, t, 7) is a time dependent designation for
Gk, 7).

Comparing Eq. (8b) with the 7 = 0 version of Eq. (9a)
shows that the zero delay time correlation function is identical
to the average intensity in the RT equation. Thus, we expect
the CT equation to be identical to the RT equation at zero
time delay. This is seen to be true by comparing Eq. (20) and
the 7 = 0 version of Eq. (21). We assume implicitly that the
speed of light is very large compared to the particle diffusive
motion. Thus, the average field correlation function is realized
essentially instantaneously for each value of 7. That is, particle
positions may be considered frozen for each 7. For nonzero
values of 7, small displacements of the particles from their
initial positions decrease the correlation due to dephasing
between the paths at 7 and ¢ + 7. As shown in Fig. 2c, these
are still nearly the same paths, but they must be weighted
differently due to the additional random phase introduced
when the length of the path at ¢ differs from the length at
t+ T

By examining the correlation process in comparison to the
radiative transfer process, we can arrive at the CT equation
through appropriate modifications of the RT equation. Cor-
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relation is affected by the scattering process, as in single scat-
tering, so that we need only consider modifying the scattering
terms in the RT equation to fit the correlation process. Unlike
energy, correlation is not conserved. This is due to the fact
that correlation actually reduces with delay time 7. For this
reason, the two scattering terms in the RT equation (the last
terms on both sides of Eq. (20)) must be handled separately.

Td understand the differences between the two terms, we
again consider Figs. 2b and 2c. In both the RT process (Fig.
2b) and CT process (Fig. 2c), those paths which represent
scattering out of the € direction (the last term on the left
sides of Egs. (20) and (21)) give no further contribution to
the intensity or correlation in that direction. There are other
nonscattered paths or forward scattering paths, but their con-
tributions are the same in both cases, because forward scat-
tering produces no decay of field correlation functions (refer
to Eq. (6a) for @ = £'). Thus, this scattering term is the
same for RT and for CT, producing the same fraction of
scattered paths out of the £ direction in both cases.

It is another question to ask how much intensity or cor-
relation is scattered into the direction Q. In Fig. 2b, the
amount of intensity transferred depends on the cross section
and phase function (or form factor). For RT, what is scattered
into the Q direction comes from the other directions Q' such
that energy conservation is maintained. In Fig. 2c, the amount
of correlation transferred depends on the cross section, the
phase function (or form factor), and on the single particle
field correlation function. Here we assume that the particles
are sufficiently well separated to act as single independent
scatterers. Thus, correlation may be scattered out of one di-
rection, but is transferred less and less completely into the
direction as 7 increases and the single particle field correlation
function decreases. The CT equation then takes the form
given in Eq. (21). Reference 24 has derived a similar equation
from a perturbation expansion in the first-order smoothing
approximation for particles moving with uniform velocity.
Evidently the CT equation can be justified by our phenom-
enological approach as well, or it can be derived from a more
fundamental perturbative solution to Maxwell’s equations.
We leave this task to future publications.

We now show how the single scattering results of the Re-
view subsection entitled Single Scattering Photon Correlation
Theory may be obtained from the CT equation (Eq. (21)).
In a very large weakly scattering medium, that is exposed to
steady uniform illumination in a single direction €2, the cor-
relation function should be time and space independent, yield-
ing a reduced Eq. (21) as

G, 1) = S, (Q)(o + k) + {o/[dm(o + «)]}
. Lﬁ G, 7)g'(k’, I)P(Q, Q') dQ’ (22)

where S§,(£2) represents the steady illumination in the Q,
direction and can itself be represented in the form

S.(€2) = $,00(2 — Q) (23)

with §,, being a constant magnitude. A formal solution to
this equation is obtained by iteration, and a series in powers
of g! results. Truncating the series after the first-order term
(or performing only one iteration by substituting Eq. (23) for
G™(Q', 7) into the integral of Eq. (22)) we find

G(Q, 1) = S, (Q)(o + k)
+ Spolol[4m(o + k)[ig'[k(R, o), 7]P(Q, Q)  (24)
The first term on the right side of Eq. (24) represents the
non-attenuated portion of the illumination. The second term

represents the single-scattered portion, that is proportional
to the single scattering correlation function (g') and to the
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single particle form factor (cf. Eqs. (6a) and (2c), respec-
tively). Equation (24) demonstrates that Eq. (21) yields the
correct single scattering limit of G™ within our stated limi-
tations which neglect polarization.

Approximate Solutions for Small Delay Times

In the following section, we show how DWS theory may
be derived from the CT equation. The procedure follows
closely those assumptions made to derive the DWS theory.'?
The integral term in Eq. (21) will be approximated by a term
containing an integral of only the single scattering correlation
function over solid angle. We refer to this approximation as
“preaveraging,” where the averaging over angles in the single
scattering correlation function is disconnected from the prop-
agation/diffusion of the light. The DWS form given in Eq.
(12) is derived from this approximate CT equation under the
assumptions of small delay times and large optical thickness.
Since the CT equation can be reduced to the DWS theory,
its solutions should correspond to DWS solutions and give
insight into the problems that are encountered in DWS with
regard to boundary conditions (i.e., the deposition depth di-
lemma).

In a following section entitled Reduction of the Time-In-
dependent Correlation Equation, we show how standard RT
techniques may be used to solve the approximate CT equation
described above for comparison with DWS results. These
solutions include both approximate analytical solutions and
numerical evaluation of exact solutions. The reader should
note that we have assumed isotropic scattering in our deri-
vations such that I = [* with o = VL

Reduction of the Time-Dependent Correlation Transfer Equation

Here we show explicitly how to convert the CT equation
given in Eq. (21) from an integro-differential equation to the
form of Eq. (12), the DWS form of Ref. 12. First Eq. (21)
is written as

(1/c)aGm(r, @, 1, 7) _
ot

—Q-VG™(r, Q, t, 1)
~ oG™(r, Q, t, 1) + (0/4m) L G™(r, Q' t, 7) dQ

+ (o/4m) Lw Gm(r, Q', t, Dg'(k’, r) — 1] dQ
+ S,(r, Q, 1) (25)

where the integral representing scattering into the € direction
has been written as two integrals, in preparation for “preav-
eraging” as discussed previously.

In the Ref. 11 formulation, averaging of the singly scattered
correlation function (g!) over all angles is performed before
averaging G™ over all paths. We perform a preaveraging ap-
proximation for the last integral in Eq. (25) as

(o/4m) L G, s 4, D[gHK, 7) — 1] dQ

~ (o/Am)G™(x, Q, t, T) f [g'k, ) - 1]de

~ —o(27/1)G™(r, Q, t, T) (26)

The approximation of Eq. (6b) has been applied to perform
the integral over solid angle. Having invoked Eq. (6b), the
final form of Eq. (26) will apply only for 7/7, << 1.0, such

that Eq. (21) becomes

(1/c)aG™(r, Q, t, )
ot

= —Q-VG™r, Q,t,7) — o(1 + 27/7)G™(r, Q, t, 7)
+ (0'/477)L G™r, Q' , 1, 7)dQ + S,(r, Q, ) (27)

Fourier tranforming Eq. (27) with exp(i@-r), then Laplace
transforming the result with exp(—w#) and solving for the
doubly transformed G™ gives

G™(w, Q, v, 7)

S(w, Q, v) + (0/dm) J; Gm(w, Q', v, 7) A

wlc) + iw- Q@ + o(l + 27/1))
(28)

In arriving at Eq. (28), it has been assumed that all initial and
boundary values of G™ are zero, except that represented by
the source §,. Next, applying the convolution principle to
invert Eq. (28) back into the time domain yields

Ww, Q,t,7) = ¢ fim exp[—(iw-ﬂb+ o)e(t—1)]
. [V(w, Q,t) + (o/dm) L” W(w, Q', t', 1) dQ’] dr’
(29)
where
W(w, Q, t, 7) = expQoctrit)G™(w, Q,t, 7} (30)
Viw, Q, t) = expRocttit)S(w, O, 1) (31)
If Taylor series expansions in ¢’ about ¢ are substituted for W

and V in Eq. (29) and the integrals over ¢’ are performed,
the result is

W, Q, 1) = ¢ L exp| — (iw- Q + o)c(t—1)]

[5 e (2 4

3 e <%v> dﬂ,] o

e[y (v o aw
A [cf(iw-ﬂ + o)yrt\ or * 47 Jan BH da
(32)

where 3°W/at° is understood to be W(w, Q, ¢, 7) (with similar
notation for V).

Assuming that oc is large and neglecting all terms of order
1/(oc)? and smaller when averaging W and V over all solid
angle yields a diffusion equation

a—m%—t—ﬂ = — (B W(w, 1, 7) + V(w, 1) (33)

where

W(w, t, 7) = (1/47) Lﬂ W(w, £, t, ) dQ (34)
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Viw, 1) = (1/4m) L Vi, @, 1) d0 (35)

Using Green’s function to solve Eq. (33), along with the def-
initions of W and V (Eqgs. (30) and (31)), and inverting the
Fourier transform variable e into real space r, yields

Gm(r, t, 1) = fv 1 le Gr—r,t-1t)

- exp[ —20¢(7/7)(t—1)]S,(r, t')c dt’ dr
(36)

where

Gm(r, t,7) = (1/4) L” Gr(r,Q, 1, 7)dQ  (37)

S,(x, 1) = (1/4m) L S, @, 1) dO (38)

and G is Green’s function, which has a form corresponding
to the boundary conditions of the problem.

Equation (36) is the result that we wish to compare with
Eq. (12). Regrouping terms and changing variables with " =
t — t' gives

Gm(r,t, 7) = L exp[ — (27/7,)oct"]

: JV Gl = 1, OS¢t~ ) dredr (39)

This is found to be the same form as that of Ref. 10 (Eq.
(12)), if the change of variable s = ct” is made in Eq. (39),
and the scattering coefficient ¢ is changed to the form of a
mean free path by providing the substitution o = 1//. If we
assume a constant source S, the second integral over volume
is I,J(s) as defined in Eq. (11).

Reduction of the Time-Independent Correlation Equation

We will now use the time-independent one-dimensional
form of Eq. (27) to determine solutions for backscattering
and transmission by radiative transfer methods. Under those
assumptions, and setting the source term S, to zero, Eq. (27)
becomes

poG7(z, p, 9z + GY(z, p, 7)

= (@/2) fil G7(z, p', 7) du' (40)

where z is the optical coordinate, z = o(1 + 27/7,)Z, Z is the
physical coordinate in the z-direction, and @ is the single
scattering albedo, @ = 1/(1 + 27/7,). In addition, due to the
definition of z, the optical thickness of the medium must be
L.=L{1+ 27/70) = L/&. Note that G 7 is the spatially one-
dimensional version of G™.

Equation (40) is a well-known equation in radiative trans-
fer.?’-2® Assuming a collimated boundary condition of G+ (0,
u, 7) = Gy d(pn — po)d(¢dp — ¢,), the solution for backscat-
tering is*®

G0, , 73 o)

_ X)X(po) = Y()Y(po)] _ Gipg
W?rmf B(z', po)exp(—z'/ln) dz'  (41b)
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and for transmission is
G+ (L., p, 75 o)
_ XY (po) = Y()X(po)]
(o — 1)

___Go J'L* , PP ,
= Ta s 207 o B poexpl—(L. — 2)iul dz

(42b)

Gd o
2(1 + 27/7)

(42a)

where the cosine of the incident radiation’s angle (u,) has
been added as a parameter of G7, and X and Y are Chan-
drasekhar’s functions®®

X(uw) = B(0, u) (43)
Y(u) = B(L., 1) (44)
with B defined by the integral equation

B(z, p) = e *»
Le
+ (G)/Z)J; B(z', p)E(lz — z'|) dz’ (45)
and the exponential integral being
1
E(z) = L exp(—z/x) dx/x (46)

In Egs. (41b) and (42b), G~ indicates one-dimensional mul-
tiple backscattering, and G7** indicates one-dimensional mul-
tiple transmission, both dependent on incident angle through
Ho- (Note that Eq. (42b) excludes the non-attenuated portion,
of the incident radiation, i.e., the remainder of the original
beam.)

Exact solutions for B(z u) are available. But to obtain an
analytical trend, an approximate solution for B(z, p) can be
obtained by the methods employed by Armaly and El-Baz.?
They approximate the exponential integral by the following:

E\(z) = a exp(—b2) (47)

with @ = b = /3 being the most common choices for the
parameters. Substituting Eq. (47) into Eq. (45), and taking
the second derivative of the resulting equation with respect
to z, yields an ordinary differential equation for B:

d*B(z, n)/dz? + (@wab — b?)B(z, n)

= (V/u? — bHexp(—z/un) (48)

"~ The solution for B is simply

B(z, n) = F; exp(—bzR) + F, exp(bzR)
+ (Vu? — b¥exp(—z/pn)/[l/n? — b2R?| (49)

where R = (1 — @a/b)*® and @ # b/a. F, and F, can be
obtained by substituting Eq. (49) back into Eq. (45), evalu-
ating the resulting equation at z = 0 and z = L,, then solving
for F, and F,. Using this final approximation for B(z, u) in
Egs. (41b) and (42b) yields the backscattered and transmitted

correlation functions
__Gia [,
21 — R |

@b hy + hy sinh(RbL,) + hi cosh(RbL,)
(1 - R?»?) | (2 — @)sinh(RbL,) + 2R cosh(RbL,)
(50)

G;nt(zt’ 15 75 Mo = 1)
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where z* is either 0 or L,, and for z* = 0

hi = (1 — bA[1 — exp(—2L,)]2

hy = 2R(b? — lexp(—L,)

hy = (1 + b)1 — R®%) + (1 - b)(1 + R%b)exp(—2L,)
hi = R(1 = b?)[1 + exp(-2L,)] (51)

while for z= = L,
hi = L.(1 — b»exp(-L.)
hi = R(L + by + R(1 — b)* exp(—2L.)
hy = —2(R?? + 1)exp(—L,)
hy = —2R(1 + bYexp(—L,) (52)

1l

1l

Il

When G7'~ and G7* are reduced to apply only for short
delay time, (7/7,)°> << 1.0, and for large optical thickness,
L, >> 1.0, Eq. (50) becomes

Gy (1 — 21/7,)

OrEh L mme =D =506
)

V3 (1 =~ 277,)
(1 — 67/7))

6 . [6r
wi + wj§ sinh (Le —T> + wi cosh <Le @>
To To
(1 + 27/7y)sinh (Le /6—7> + 2 /2_7 cosh <l-‘e 6_7)
To To To

wi +

(33)
where, for G~ (0, 1, 75 g = 1):
wr = —1, wy =0
wi = (1 + V3)(1 — 2\/31/7,)
wi = —2V2ir, (54)

and for Gy (L,, 1, 7; po = 1):

wi =wi =w; =0
22 + V3271, (55)

Equation (53) is similar in functional form and types of ar-
guments to those of Ref. 11 (see Egs. (14) and (17a)), only
the multiplicative constants differ. Thus, as would be ex-
pected, the diffusion solution and the optically thick radiative
solution yield the same dependence on 7/7,.

wi

Discussion

Figure 3 depicts the exact numerical solution of Eq. (41b)
for the backscattered correlation function, G7'~, as a function
of the square root of delay time, (7/7,)°%, when delay time is
near zero. All G7*~ values in Fig. 3 are normalized by the L
= o value of G~ at 7/7, = 0.0. The figure demonstrates a
near linear dependence of G7*~ on (7/7,)%° when the optical
thickness is infinite. For any finite optical thickness, the small
delay time dependence deviates from this behavior. This is
the same trend as can be found in the DWS theory of Ref.
12 and results from a reduction in the number of very long
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multiple scattering paths when the optical thickness is re-
duced: These very long paths decay most rapidly and con-
tribute most to the initial delay time decay of the correlation
function. It is important to note that Fig. 3 shows a near-
linear dependence on the square root of delay time at inter-
mediate values of non-dimensional delay time (0.1 < (7/7,)°°
=(.2) for finite thicknesses. This is clearly visible in the region
where all of the curves merge. For non-dimensional delay
time greater than 0.2, the backscattered correlation function
deviates from a linear dependence, that might be expected,
given our theoretical restriction to small values of 7 from Eq.
(26). The linear delay time dependence predicted for small
L(7/7,)*% in Eq. (18) is examined in Fig. 4 for three optical
thicknesses. As the optical thickness (L = L/I) tends to in-
finity, L(7/7)" must tend to zero in order to achieve the Eq.
(18) limit. With increasing L, this limit is realized at decreas-
ingly smaller values of 7/7,.

Figure 5 presents the exact transmitted correlation function,
g™*, as a function of the non-dimensional delay time (7/7,).
In order to compare the trends of g™+ for various optical
thicknesses, the curves have been scaled such that all zero
delay time values (r = 0.0) are normalized to unity. Exam-
ining Fig. 5 reveals that g™* tends to the form given in Eq.
(19), for the appropriate limit, which is the small delay time
limit of Ref. 12.

Figure 6 presents our exact solution from Eq. (41b) and
the Ref. 12 solution from Eq. (15) for infinite optical thickness
and for /* equal to I. The theory of Ref. 12 is parameterized
by z,/l, with z,/l being a free parameter, because light will
not begin diffusing in the sample until it has gone a length of
order /. The CT theory does not require knowledge of z,/l
because it accounts for ballistic motion of the photons before
diffusion begins. By comparing the exact theory with that
given by Ref. 12, we see that z,/l appears to have a value
between 1.21 and 1.33, depending on the range of (7/7,)%°,
but tending towards 1.33 as 7/, approaches 0. The Ref. 12
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comparison of experiment with theory showed that experi-
mental results appear quite linear with (7/7,)°>—much more
linear than the corresponding theory of theirs or ours. These
remarks apply to data in the (7/7,)°° range measured by Ref.
12 (~0.2-0.8). In order to determine z,// experimentally, the
researchers of Ref. 12 fit the data to the form given by Eq.
(16) (i.e., exp(— {(/7)°®)), assuming that this is the proper
small delay time form and that the theory is only valid at small
times. Unfortunately, this procedure has produced a number
of penetration depth parameters which depend on the details
of a given sample, e.g., particle diameter and polarization.
At present, it is not clear why the theories deviate from the
experimental form for the decay of the correlation function.3°
However, Middleton and Fisher*! argue that emphasis should
be given to the momentum transfer magnitude (2, k2;_,) dis-
tribution rather than the photon path lengths, as this is the
more fundamental variable. Estimates of an approximate dis-
tribution function are shown®' to produce correlation func-
tions having desirable analytic forms. It is not clear from the
Ref. 31 work why the DWS theory fails. Alternatively, we
give an argument in the Conclusions section that preaveraging
leads to the failure of both the approximate CT theory and
DWS theory to fit experimental data.

Contrary to the assumption made by Ref. 12, it is unlikely
that radiation begins diffusing at a single depth zy/l. In ac-
tuality, the incident radiation is physically deposited, or first
scattered, at a distribution of depths. Due to its close rela-
tionship to radiative transfer theory, CT theory assumes this
distribution implicitly, allowing for the graduated deposition
of the incident beam. It seems likely that this deposition dis-
tribution has a roughly exponential dependence on depth in
the medium. Therefore, if the Ref. 12 equations were mul-
tipled by distribution of deposition depths, exp(— Bz,/{), and
integrated over z,//, the resulting equations would be ex-
pected to yield a better match with those of CT theory. Ob-
viously, the suggested exponential distribution is an approx-
imation, and Bis unknown. However, if the premise is correct,
it should be possible to find a 8 such that the integrated DWS
results more closely match the CT results. Applying the pro-
cedure just outlined to Eq. (15) yields the following for back-
scattered correlation, g™ ~:

g « 1/[(1 + %/%)(B + %)] (56)

and matching the results to CT theory yields 8 = 0.6. Figure
7 shows the integrated Ref. 12 results, which have an upward
curvature that is even greater than that of the CT theory.
However, we also note that the DWS approach makes a con-
tinuum approximation in going from Eq. (10) to Eq. (11).
This approximation includes single scattering decay ratios
smaller than those physically possible when the limit of in-
tegration in Eq. (11) extends to zero. This is thought to pro-
duce some of the upward curvature in the DWS theory of
backscattering at large delay times.>?

In order to achieve exact agreement between CT theory
and integrated DWS, it would be necessary to further inves-
tigate the actual deposition distribution involved. The distri-
bution of deposition depths has been previously investi-
gated,?® but was abandoned because it produced results that
did not agree with data as well as the use of a single deposition
depth. This is emphasized by the failure of the theories to
produce straight lines in Fig. 7 (similar to the Ref. 12 data).
Nevertheless, because the approximate CT theory and DWS
theory contain the same physics, the proper evaluation of
DWS will include some integration over a distribution of de-
position depths. Improvement between theory and experi-
ment will be realized only by relaxing one or more of the
initial assumptions.

Figures 8 and 9 compare the CT and DWS theories for a
finite optical thickness of 10. As was shown in Fig. 3, the
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logarithm of the backscattered correlation does not depend
linearly on (7/7,)* for (7/7,)° less than 0.1. Even though the
curves are not linear in this regime, CT and DWS theories
appear to have similar trends. But as with the semi-infinite
case, CT theory appears to fit the Ref. 12 theory for a single
value of zy/l equal to 1.33 for small (7/7,)** and equal to 1.17
for larger (7/7,)%°. The finite thickness of the medium appears
to have caused that z,// value to change from 1.21 to 1.17,
when (7/7,)*> = 0.20. For Figs. 8 and 9, it should be noted
that L is not significantly larger than zy//, as was assumed in
the DWS analysis, and could contribute to disagreement be-
tween DWS and CT theories. Finally, similar to the integra-
tion of the semi-infinite DWS results, we could integrate the
finite DWS results over deposition depth, and obtain a better
match in the trends of the two theories.

In Fig. 9, transmitted correlation curves show that the match
between CT and DWS theories is only good for (7/7,)%% <
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0.1. Figure 9 also demonstrates that z,// plays a much smaller
role in the DWS theory for transmitted than for backscattered
correlation function, that corroborates the form resulting from
the reduction of Eq. (17a) to Eq. (17b). Integrating the trans-
mitted DWS result over the exponential distribution of de-
position depths produces little change in Fig. 9, provided 1/
Ty << B2/6. Our examination of that integration (not shown
here) indicates that for 7/7, = 876, the integrated result be-
comes nonphysical.

To examine the validity of the approximate CT solutions
given by Egs. (50-55), we compare those solutions with the
exact results and with DWS results. Figures 10 and 11 show
that the trends of the approximate backscattering solutions
are the same as those of the exact solutions for optical thick-
nesses of infinity and 10, respectively. It appears that the
recommended b value, the square root of 3 for Eq. (47),
should be replaced by 1.65 for better results in these cases.
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Figure 12 reinforces this value of b, by showing the compar-
ison of the approximate solution with exact CT and DWS
theories for the transmitted correlation function. From these
comparisons, we see that the approximate theory can be used
in place of the exact theory without significant loss in accu-
racy. This is advantageous, since the approximate calculation
saves considerable computational time as compared to the
exact calculation.

Conclusions

We have proposed a CT equation for the description of
intensity fluctuations in multiple scattering media. This equa-
tion, and the theory behind it, is currently limited to inde-
pendent scattering with non-polarized light waves. The Fraun-
hofer limit is also assumed. It has been shown that the CT
equation produces the proper single scattering result and can
be reduced to the diffusive wave (DWS) theory in the highly
multiple scattering limit. Because CT theory is formally sim-
ilar to RT theory, the techniques applied in this field of study
may be applied directly to the CT equation. We have applied
such techniques to solve the CT equation in a limit appropriate
for DWS. It is implicitly assumed in both DWS and CT the-
ories that the measured intensity correlation is related to the
field correlation function in the same way as for single scat-
tering, i.e., by way of the Siegert relationship (cf. Eq. (5a)).

The CT theory accounts for the ballistic nature of light
between scattering events and therefore does not suffer from
the boundary condition problems encountered in DWS. By
comparing the DWS results of Ref. 12 with our CT results
for backscattering, we can identify the appropriate deposition
length z,/l needed for DWS theory. This comparison is some-
what artificial because there is actually a distribution of de-
position depths. We have investigated an exponential distri-
bution of penetration depths and find a larger upward curvature
in the decay of the correlation function, similar to CT results.
However, these results yield poorer agreement with experi-
mental data than those produced by using a single deposition
depth. Nevertheless, because the approximate CT theory and
DWS contain the same physics, the proper evaluation of the
DWS will include some integration over a distribution of de-
position depths.

We feel that the reason for this disagreement with exper-
imental data is related to the initial assumptions made to
produce the DWS results. The experimental data for back-
scattering from optically dense suspensions produces a cor-
relation function behavior which is linear in the square root
of delay time.'? The DWS and CT theories (in the DWS limit)
produce a correlation function showing a slight upward cur-
vature as a function of the square root of the delay time.
Thus, these theories produce a siower decay rate at large delay
times than that seen experimentally. One obvious criticism of
the theories is that they only apply to small delay times
[(7/7)*5 < 0.1], and that the experiments exceed the range
of validity of the theoretical predictions. However, one may
also criticize the preaveraging assumption which averages over
all anisotropy in the problem. In particular, the single scat-
tering correlation function given in Eq. (6a) becomes more
anisotropic with increasing delay time. Thus, with increasing
delay time, the multiple scattering paths contributing to the
backscattering, become larger in general. This could lead to
a faster decay rate and smaller values for the correlation func-
tion with increasing delay time. Preaveraging in DWS or CT
(Eq. (26)) does not account for this real effect. However, it
is possible to evaluate the CT equation using other approxi-
mation schemes. A systematic expansion of the product of
the phase function and the single scattering correlation func-
tion in the CT equation is possible. A solution which employs
the expansion of the anisotropic phase function as a series of
Legendre functions would be useful. Keeping only the first
term would produce a purely isotropic theory valid for all
delay times. We have recently examined such a theory and
find it similar to the approximations made for the CT equation
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presented here. Initial results of this work indicate improved
agreement between theory and experiment. These results will
be presented elsewhere.

In this paper, we have limited our investigations to a scalar
theory, isotropic scattering, and to independently diffusing
Brownian particles. As stated previously, we have found a
standard RT approximation which allows us to include ani-
sotropic scattering (/*) in a natural way and will report on
this separately in a later publication. When particle interac-
tions cannot be ignored, the product of the phase function
and the single scattering correlation function must be modified
to represent the effects of these interactions. If the range of
correlation produced by the interactions is sufficiently smalil,
there are many correlation regions in the scattering volume.
If, in addition, there is negligible multiple scattering within a
correlation region, then the phase function should be modified
to include the static structure factor,? and the field correlation
function should be modified correspondingly. The effect of
polarization may be included following the same procedure
used in radiative transfer theory,?® at the expense of making
the CT equation more difficult to solve. Other avenues which
may prove useful are areas where radiative transfer techniques
have produced good analytic approximations. Results for highly
anisotropic scattering may be adapted directly to evaluate the
CT equation for large particles and/or large delay times. We
intend to explore these avenues in future publications and to
test our results with appropriate experiments.
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